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$(\mathit{0}. b)$ $\mapsto$ $o(n)b$ $(n\in \mathbb{Z})$
:
Vl) $a.b\in \mathit{1},$’| $n_{0}$ $a(n)b=0$
$n\geq n_{0}$ }) .




V3) $V$ 1( ) $a\in V$
$a(n)1=\{$
0 $(n\geq 0)$ ,
$a$ $(n=-1)$
.
$V$ , $T:V\underline{\backslash }V$ $Ta=a(-2)1$
.
2. $V$ $V$ End $V$ .
$a\in V$ $n\in \mathbb{Z}$ , $barrow a(n)b$ $V$ $V$ .





$\ovalbox{\tt\small REJECT} \mathrm{F}3$ . $V$ \yen : $\mathrm{T}\Xi_{\backslash l\cdot\backslash \backslash }\not\in \mathrm{i}$ ($\mathrm{t}^{\backslash }\ovalbox{\tt\small REJECT} kT$. $–\sigma$) $[succeq]@a,$ $b\in Vkn,$ $p,$ $q,$ $r\in \mathbb{Z}l_{\sim}^{-}X1\backslash \llcorner^{\backslash },\lambda l^{\backslash }\backslash \mathfrak{W}^{\backslash }\backslash$
.
(1) $T1=0$ .
(2) $a(n)1=0(n\geq 0)$ $a(n)1=T^{(-n-1)}a(n\leq-1)$ .
$T^{(k)}=T^{k}/k!$ .
(3) 1 $(n)a=0(n\neq-1)$ 1 $(n)a=a(n=-1)$ .
(4) (Ta)(n)b $=-na(n-1)b$ , End $V$ (Ta)(n) $=-na(n-1)$
.
(5) Borcherds $\sigma$) commutator formula :
$[a(p), b(q)]= \sum_{i=0}^{\infty}(\begin{array}{l}pi\end{array})(a(i)b)(p+q-i)$.
(6) Associativity formula :
$(a(r)b)(q)= \sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}ri\end{array})(a(r-i)b(q+i)-(-1)^{r}b(q+r-i)a(i))$
(7) Skew symmetry :
$b(n)a= \sum_{i=0}^{\infty}(-1)^{n+i+1}T^{(i)}(a(n+i)b)$ .
. (1) Borcherds $a=b=c=1$ $p=q=r=-1$
$\sum_{i=0}^{\infty}(\begin{array}{l}-1i\end{array})(1(i-1)1)(-i-2)1$
$= \sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}-1i\end{array})(1(-i-2)(1(i-1)1)+1(-i-2)(1(i-1)1))$
. $\mathrm{V}3$ ) 1(-2)1=21 (-2)1 1(–2)1=0




( $\mathrm{V}3$ ) )
$=-na(n-1)1$









. (2) $n\leq-2$ . $n\geq-1$ V3)
.
Borcherds $b=c=1$ $p=-1,$ $q=n,$ $r=0$
$\sum_{i=0}^{\infty}(\begin{array}{l}-1i\end{array})(a(i)1)(n-1-i)1=a(-1)(1(n)1)-1(n)(a(-1)1)$
1 $(n)a=a(-1)(1(n)1)$ . (1) (2) (3)
.






Commutator formula (5) $[]\mathrm{h}r=0$la(5 . Associcativity
formula(6) $p=0$ .
skew symmetry . Borcherds $c=1$










4. Commutator formula associativity formula Borcherds
.





$B(p+1, q, r)=B(p, q+1, r)+B(p, q, r+1)$
.




$=B(p, q+1, r)+B(p, q, r+1)$
.
$r=0$ $p=0$ Borcherds
( , commutator formula associativity formula )
$p,$ $q,$















VOA 1) $V$ $\mathrm{N}$-graded , .
$V=\oplus_{n\in \mathrm{N}}V_{n}$ $\dim V_{n}<\infty$ . $V_{0}$ .
$a\in V_{n}$ $n=|a|$ , .
$|a|$ $a$ .
VOA 2) 2 $(0\neq)\omega\in V_{2}$ $L_{n}=\omega(n+1)$
Virasoro
$[L_{m}, L_{n}]=(m-n)L_{m+n}+ \frac{m^{3}-m}{12}\delta_{m+n,0^{C}V}$ $(c_{V}\in \mathbb{C})$
. $\omega$ Virasoro . $c_{V}$ $V$ rank
central charge( ) .
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VOA 3) $V_{n}$ $L_{0}$ $n$ .
VOA 4) $L_{-1}=T$ .
$V$ , $L_{0}$
.
7. $V$ . $a,$ $b\in V$
$L_{0}(a(n)b)=(L_{0}a)(n)b+a(n)(L_{0}b)-(n+1)(a(n)b)$
. $a\in V_{k}.,$ $b\in V_{\ell}$ $a(n)b\in V_{k+\ell-n-1}$. .







3 (4) (Ta)(n+l)=-(n+l)a(n) .
$L_{0}(a(n)b)=[L_{0}, a(n)]b+a(n)(L_{0}b)=(L_{0}a)(n)b+a(n)(L_{0}b)-(n+1)a(n)b$























10. $V$ . $g\in \mathrm{N}$ $V^{(g)}$
$a_{1}(-n_{1})a_{2}(-n_{2})\cdots a_{1}(-n_{r})1$ $(n_{i} \in \mathbb{Z}, \sum_{i=1}^{r}|a_{i}|\leq g)$
. $V^{(0)}\subset V^{(1)}\subset$
. . . $\subset V^{(g)}\subset\ldots\subset V$ $V$ Watts .
Watts $V$
.
1L $g\in \mathrm{N}$ $\oplus_{i=0}^{g}V_{i}\subset V^{(g)}$ . $V= \bigcup_{g\in \mathrm{N}}V^{(g)}$
35




12. $V=\oplus_{n\in \mathrm{N}}V_{n}$ .
(1) $a\in V_{k},$ $b\in V_{\ell}$ $c\in V^{(g)}$ $[a(m), b(n)]c\in V^{(k+\ell-1+g)}(m, n\in \mathbb{Z})$
.
(2) $a,$ $b\in V$ $’\backslash$ , $c\in V^{(g)}$ $(a(-2)b)(n)c\in V^{(g-1+|a(-2)b|)}(n\in$
$\mathbb{Z})$ .
. (1) Borcherds commutator formula
$[a(m), b(n)]c=. \sum_{1=0}^{\infty}(a(i)b)(m+n-i)c$
. 7 $|a(i)b|=|a|+|b|-i-1\leq|a|+|b|-1$
$[a(m), b(n)]c\in V^{(k+\ell-1+g)}$ .
(2) Associativity formula $\mathrm{B}_{\mathrm{a}}t_{\mathit{2}}$
$(a(-2)b)(n)c= \sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}-2i\end{array})(a(-i-2)b(i+n)-b(n-2-i)a(i))c$










13. $V$ , $C_{2}(V)$ $a(-2)b(a, b\in V)$
.
14. (1) $C_{2}(V)$ $V$ graded subspace .
$C_{2}(V)=\oplus C_{2}(V)\cap V_{n}n\in \mathrm{N}$
.
(2) $1\not\in C_{2}(V)$ .
(3) $V_{0}=\mathbb{C}1$ , $\omega\not\in C_{2}(V)$ .
. (1) $a,$ $b\in V$ $a(-2)b$ .
(2) $1\in C_{2}(V)$ . $C_{2}(V)$ graded 1 0
$C_{2}(V)$ $a(-2)b$ 1 . $\grave{\grave{\backslash }}$ $|a|,$ $|b|\geq 0$
$|a(-2)b|=|a|+|b|+1\neq 0$
.
(3) $\omega\in V_{2}$ , $\omega\in C_{2}(V)$ $\omega$ $a,$ $b\in V$
$a(-2)b$ 2 1 .
$|a(-2)b|=|a|+|!b|+1=2$
$|a|=0,$ $|b|=1$ $|a|=1,$ $|b|=0$ . $|a|=0$
$=1$ (-2)b $=0$ . $|a|=1,$ $|b|=0$
. $\omega=a(-2)1$ . $\omega=Ta$ $=L_{-1}a$ . ,
$L_{-1}=\omega(0)=(Ta)(0)$ $=0$ $\omega=0$ .
2.2 Weak Poincar\’e-Birkhoff-Witt
Weak Poincar\’e-Birkhoff-Witt ,
. [GN, Proposition 8] .
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15. $V\ovalbox{\tt\small REJECT}\oplus_{n\mathrm{c}\ovalbox{\tt\small REJECT} \mathrm{N}}V_{n}$ $\dim V_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT} 1$ . $V$
graded $U$ $V\ovalbox{\tt\small REJECT} U+C_{2}(V)$ .
$V$
(1) $\{$
$\alpha_{i_{1}}(-n_{1})\alpha_{i_{2}}(-n_{2})\cdots\alpha_{i_{\Gamma}}(-n_{r})1$ $(\alpha_{i_{1}}, \alpha_{i_{2}}, \ldots, \alpha_{i_{r}}\in U)$
$n_{1}>n_{2}>\ldots>n_{r}>0$
.





17. $V$ $C_{2}(V)$ ,
$V/C_{2}(V)$ $V$ $C_{2}$ .
18. $V$ $U$ . $V$
$\{$
$\alpha_{i_{1}}(-n_{1})\alpha_{i_{2}}(-n_{2})\cdots\alpha_{i_{\mathrm{r}}}(-n_{r})1$ $(\alpha_{i_{1}}, \alpha_{i_{2}}, \ldots, \alpha_{i_{r}}\in U)$
$n_{1},$ $n_{2},$ $\ldots,$
$n_{r}\in \mathbb{Z}$




. $C_{2}(V)$ garaded ,





$V_{n}\ni a\mapsto a+C_{2}(V)\in V_{n}/C_{2}(V)_{n}$
. well-defined . , $a-b\in C_{2}(V)(a, b\in V_{n})$
$-b\in C_{2}(V)_{n}$ $+C_{2}(V)_{n}=b+C_{2}(V)_{n}$ .
.
$V$ $C_{2}$ , , $r$
$V/C_{2}(V)=\oplus_{n=0}^{r}V_{n}/C_{2}(V)_{n}$ . $n\in N$ $V_{n}=U_{n}+C_{2}(V)_{n}$
$V_{n}$ $U_{n}$ $U=\oplus_{n=0}^{r}U_{n}$ $U$
$V=U+C_{2}(V)$ . , 15 $V$ $U$ .
2.3
$V=\oplus_{n\in \mathrm{N}}V_{n}$ $\dim V_{0}=1$ , $V$
graded $U$ $V=$. $U+C_{2}(V)$ .
20. $(g, N)\in \mathrm{N}^{2}$ . Watts $V^{(g)}$
(2) $\{$
$\alpha_{i_{1}}(-n_{1})\alpha_{i_{2}}(-n_{2})\cdots$ \mbox{\boldmath $\alpha$}i nr)l $(\alpha_{i_{1}}, \alpha_{i_{2}}, \ldots, \alpha_{i_{\mathrm{r}}}\in U)$




20 , 15 . $n\in \mathrm{N}$
$V_{n}$ (1) . 20
$g=n,$ $N=n+2$ , $V_{n}$ (2) ,
$n= \sum_{j=1}^{r}|\alpha_{i_{j}}|+\sum_{j=1}^{r}(n_{j}-1)\geq\sum_{j=1}^{r}(n_{j}-1)$
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. $n_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT} 1$ $n\ovalbox{\tt\small REJECT} n_{\ovalbox{\tt\small REJECT}}-1$ $j$
. $N\ovalbox{\tt\small REJECT} n+2\ovalbox{\tt\small REJECT} n_{\ovalbox{\tt\small REJECT}}+1>n_{\ovalbox{\tt\small REJECT}}$ . , 20
(3) $n_{\ovalbox{\tt\small REJECT}}>\sim+$ ’ . 15 .
2.4
$\mathrm{N}^{2}$ : $g<g’$ , $g=g’$ $N<N’$
$(g, N)<(g’, N’)$ . $\mathrm{N}^{2}$
. $(g, N)\in \mathrm{N}^{2}$
20 $S(g, N)$ .
$V^{(0)}=V_{0}=\mathbb{C}1$ $g=0,$ $N=0$ .
$(g, N)\in \mathrm{N}^{2}$ , $\mathrm{N}^{2}$
. $N=0$ . Watts $V^{(g)}$
$a_{i_{1}}(-n_{1})a_{i_{2}}(-n_{2})\cdots a_{i_{r}}(-n_{r})1$ $( \sum_{\dot{\iota}=1}^{r}|a_{i}|\leq g)$
. 12 (1) $S(g-1,0)$ $a_{i}$
$n_{1}\geq n_{2}\geq\ldots\geq n_{r}>0$ .
$a(n)1=0(n\geq 0)$ . , 12 (2)
$S(g-1,0)$ , $a_{i}$ $U$
. $S.(g, 0)$ .
$N>0$ . $S(g, N-1)$ $V^{(g)}$
(4) $\{$
$\alpha_{i_{1}}(-n_{1})\cdots\alpha_{i_{r}}(-n_{r})\alpha_{i_{r+1}}(-N)^{k}\alpha_{i_{r+2}}(-n_{r+2})\cdots\alpha_{i_{s}}(-n_{s})1$,
$\alpha_{1j}.\in U$, $n_{1}\geq n_{2}\geq\ldots\geq n_{r}>N>n_{r+2}>\ldots>n_{s}>0$
2. $k\leq 1$ $S(g, N)$ (3) $k\geq 2$








(4) $S(g, N)$ (3) .











( ; ). (5) $|\alpha(-1)\alpha|=0$




. , $S(g-1, N)$ $N+i>N$ (6)





, $k=1$ . 20 .
Zhu $C_{2}(V)$ $n\geq 2$ $V$ $C_{n}(V)$
$a(-n)b(a, b\in V)$ . (Ta)(n) $=-na(n-1)$
$C_{2}(V)\supset C_{3}(V)\supset\ldots\supset C_{n}(V)\supset\ldots$
. $V/C_{2}(V)\subset V/C_{n}(V)$ , $C_{2}$
$C_{n}(V)$ $V$ .
.
21. $V=\oplus_{n\in \mathrm{N}}V_{n}$ $\dim V_{0}=1$ , $C_{2}$
. $C_{n}(V)(n\geq 2)$ $V$ .
. $V$ $C_{2}$ $V=U+C_{2}(V)$ graded
$U$ . $\{\alpha_{j}\}$ $U$ $V$
$\{$
$\alpha_{i_{1}}(-n_{1})\alpha_{i_{2}}(-n_{2})\cdots\alpha_{i_{r}}(-n_{f})1$ $(\alpha_{i_{1}}, \alpha_{i_{2}}, \ldots, \alpha_{i_{r}}\in U)$
$n_{1}>n_{2}>\ldots>n_{r}>0$
. $n_{1}\geq n$ , $C_{n}(V)$











22. $V=\oplus_{n\in \mathrm{N}}V_{n}$ , $q$
$\mathrm{T}\mathrm{r}_{V}q^{L_{0}-c/24}=\sum_{n=0}^{\infty}\dim V_{n}q^{n-c/24}$
$V$ .
23. $V=\oplus_{n\in \mathrm{N}}V_{n}$ $\dim V_{0}=1$ , $C_{2}$
.
(1) $\dim V/C_{2}(V)\geq 1$ .
(2) $k+1=\dim V/C_{2}(V)$
$\dim V_{n}\leq\# Q(n, k)$
. $Q(n, k)$ $k$
.
. (1) 14 (2) $1\not\in C_{2}(V)$ .
(2) . $V=U+C_{2}(V.)$ graded







. (8) $i_{j}$ (7) $Q(n, k)$
. $Q(n, k)$ (8)
. $i$ $j$ $j$ $i-|\alpha_{j}|+1$
. (7) , (8)
. $\dim V_{n}\leq\# Q(n, k)$ .
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24. $V=\oplus_{n\in \mathrm{N}}V_{n}$ $\dim V_{0}=1$ , $C_{2}$









$= \sum_{n=0}^{\infty}\# Q(n, k)q^{n}$
(9) . $\prod_{n=0}^{\infty}(1+q^{n})$ $\sum_{n=0}^{\infty}q^{n}$ $0<|q|<1$
. , $\mathrm{T}\mathrm{r}_{V}q^{L_{0}}$ $0<|q|<1$
. $\text{ }$
2.6
24 rational $C_{2}$ (central






25. $\eta(\tau)\ovalbox{\tt\small REJECT} q^{1/24}\prod\ovalbox{\tt\small REJECT}.(1 q^{n})(q\ovalbox{\tt\small REJECT} e^{2\mathrm{i}\ovalbox{\tt\small REJECT}}, {\rm Im} \mathrm{r}>0)$ Dedekind
$\eta$ . $\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{a}\mathrm{r}\ovalbox{\tt\small REJECT}$ ${\rm Im}\tau>0$ ,
$\eta(\frac{-1}{\tau})=(-i\tau)^{1/2}\eta(\tau)$
4.
26. $M=\oplus_{n=0}^{\infty}M_{h+n}(h\in \mathbb{C})$ $L_{0}$
. $h$ $V$ $M$ conformal weight .
27. $V$ $C_{2}$ rational . $V$
conformal weight .
[DLM] 3 ( ).
28. $V$ $C_{2}$ rational . , $V$
. $V$ conformal weight 5 $h_{V}$
.
29. $V$ $C_{2}$ rational .
$c_{V} \leq 24h_{V}+\frac{1}{2}(\dim V/C_{2}(V)-1)$
.
29 , modular .
30. $q$
$f_{2}(q)=q^{-1/48} \prod_{n=1}^{\infty}(1-q^{n-1/2})$ , $f_{3}(q)=q^{1/24} \prod_{n=1}^{\infty}(1+q^{n})$
. $f_{2}$ $f_{3}$ Dedekind $\eta$
$f_{2}(q)= \frac{\eta(\tau/2)}{\eta(\tau)}$ , $f_{2}(q)= \frac{\eta(2\tau)}{\eta(\tau)}$
4 , T. M. Apostol, Modular Functions and Diriclet Series in Number Theory,







$=q^{1/48} \prod_{n=1}^{\infty}(1-q^{n})\prod_{n=1}^{\infty}(1-q^{n-1/2})$ ( $n$ )
$= \eta(\tau)q^{-1/48}\prod_{n=1}^{\infty}(1-q^{n-1/2})$
. $f_{3}$ . $\eta$
$f_{2}( \frac{-1}{\tau})=\frac{\eta(-1/2\tau)}{\eta(-1/\tau)}=\frac{(-i\tau\cdot 2)^{1/2}\eta(2\tau)}{(-i\tau)^{1/2}\eta(\tau)}=\sqrt{2}f_{3}(\tau)$
.
, 29 . $k+1=\dim V/C_{2}(V)$ .
(9)
(11) $\mathrm{R}_{V}q^{L_{0}}\leq\prod_{n=1}^{\infty}(1+q^{n})^{k}=q^{-k/24}f_{3}(q)^{k}$
. $V$ rational $C_{2}$ ,
Zhu modular . rational $V$
$V$ .
Zhu modular
$V$ $(W_{0}=V)$ $W_{0},$ $W_{1},$ $\ldots,$ $W_{r}$ ,
$\chi_{i}(q)=\mathrm{b}_{W_{i}}q^{L_{0}-c/24}(0\leq i\leq r)$ ( modular
.
46
Zhu modular , $S$ $(\tau\mapsto-1/\tau)$
(12) $\chi_{0}(\frac{-1}{\tau})=\sum_{i=0}^{r}a_{i}\chi_{i}(\tau)$
. $\tau=iT(T>0)$ (11) (10)
$\chi_{0}(\frac{-1}{\tau})=\sum_{n=0}^{\infty}(\dim V_{n})e^{-\frac{2\pi}{T}(n-c/24)}$
$\leq e^{m/12\mathrm{T}}e^{k\pi/12T}f_{3}(\frac{-1}{\tau})$ ((11) )
$=e^{\frac{\pi}{12T}(k+c)}2^{-k/2}f_{2}(q)^{k}$ ((10) )
. $T$
(13) $\chi_{0}(\frac{-1}{\tau})$ $\leq 2^{-k/2}f_{2}(q)^{k}=2^{-k/2}q^{-k/48}(1+O(q^{1/2}))$
. (12) $i$
$\chi_{0}(\frac{-1}{\tau})$ $=q^{h-c/24}(:a_{i}+O(1))$ $(a_{i}\neq 0)$
















Zhu . Zhu $A(V)_{r}=\oplus_{n=0}^{r}V_{n}/O(V)$ ffltered
algebra .
32. $V=\oplus_{n\in T}‘’ V_{n}$ $C_{2}$ . Zhu
.






$|\hat{u}|<|u|$ . \^u $A(V)$ $\{\alpha_{j}+O(V)\}$








$V\cross M$ $arrow$ $M$
$(a, v)$ $\mapsto a[n]v$ $(n\in \mathbb{Z})$





33. $\Lambda/I$ $V$ . $L_{n}=\omega[n+1](n\in \mathbb{Z})$
$c_{V}$ Virasoro $M$ .
. End(M) Bo: erds commutator formula
, 9 .
$M$ $V$ . $M$ $L_{0}$ , ,
$M=\oplus_{h\in \mathrm{C}}(M(h),$ $L_{0}|_{\mathrm{A}J(h)}=h\mathrm{i}\mathrm{d}_{M(h)}\llcorner$ , $M(h)$
$M(h+n)=0$ $n\in \mathbb{Z}$ , .
34. $V$ , $V$
regular .





$V$ $V^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(V, \mathbb{C})$ $V$
. , $V$ ,
restricted dual , $V^{*}$ $V$
.
$V=\oplus_{n\in \mathrm{N}}V_{n}$ $*V=\oplus_{n\in \mathrm{N}}V_{n}^{*}$ restricted dual
. $a\in V_{h}$ $*V$
(14) $\langle a^{*}[n]\alpha, b\rangle=\sum_{i\in \mathrm{N}}(-1)^{h}\langle\alpha, \frac{1}{i!}(L(1)^{i}a)(2h-n-i-2)b\rangle$
,
$V\cross*V$ $arrow$ $*V$
$(a, \alpha)$ $\mapsto$ $a^{*}[n]\alpha$ $(n\in \mathbb{Z})$
$*V$ $V$ ([FHL] ). $L(1)$
$V$ (14) ,
$\alpha\in V^{*}=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{C}}(V, \mathbb{C})$ well-defined . $V$ $V^{*}$
. , $V^{*}$ $V$ .
.
$D(V)=\{\alpha\in V^{*}|a^{*}[n]\alpha=0(a\in V, n>>0)\}$




$V$ $*V=\oplus_{n\in \mathrm{N}}V_{n}^{*}$ . $V$ $C_{2}$
$(V/C_{2}(V))^{*}\subset*V$ (
). $*V\subset D(V)$ .
$V$ regular , $L_{0}$ .
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$*V\ovalbox{\tt\small REJECT} D(V)$ . $0\ovalbox{\tt\small REJECT} C_{2}(V))’ \mathrm{C}D(V)$
.
$(V/C_{2}(V))^{*}=\{\alpha\in V^{*}|a^{*}[m]\alpha=0 (a\in V, m\geq 2|a|+n-2)\}$
, $(V/C_{2}(V))^{*}\subset D(V)$ . $(V/C_{2}(V))^{*}\subset*V$
$V/C_{2}(V)$ .
4 $C_{2}$ –Virasoro







Virasoro $\mathcal{L}=\oplus_{n\in \mathbb{Z}}\mathbb{C}L_{n}$ . $h$ $c$
Verma $M(h, c)$ .
( Verma
) : $p,$ $q>1$ ,
$c_{p,q}=1- \frac{6(p-q)^{2}}{pq}$ ,
$h_{r,s}= \frac{1}{4pq}[(rq-sp)^{2}-(p-q)^{2}]$ $(0<r<p, 0<s<q)$
. Verma $M(c_{p,q}, h_{r,s})$ $J(c_{p,q}, h_{r,s})$
$h_{r,s}+rs$ $h_{r,s}+(p-r)(q-s)$ 2 . 2
, (




. Verma $M(c_{p,q}, h_{r,s})$ . $v$
, $\sigma_{r,s}v,$ $\sigma_{p-r,q-s}v$ $\mathrm{u}(\mathcal{L}_{\leq-1})$ $\sigma_{r,s},$ $\sigma_{p-r,q-s}$
. $\mathrm{u}(\mathcal{L}_{\leq-1})$ $\mathfrak{U}(\mathcal{L}_{\leq-1}/\mathcal{L}_{\leq-3})=\mathbb{C}[L_{-1}, L_{-2}]$
$\pi$ $\pi(\sigma_{r,s})=F_{r,s}(L_{-1}, L_{-2}; p/q)$
$r-1s-1$















, $\mathrm{I}(V)$ $\mathbb{C}[x, y]$ .




38. $(h, c)\in \mathbb{C}^{2}$ .
$L(h, c)/\mathcal{L}_{\geq-3}L(h, c)$ .
. $c=c_{p,q}$ $h=h_{r,s}$ . $P=F_{r,s}(x, y;p/q),$ $Q=F_{p-r,q-s}(x, y;p/q)$
$\langle$ . 2 $\mathbb{C}[x, y]$ 2 $P(x, y),$ $Q(x, y)$
$(P, Q)$ . $L(h, c)/\mathcal{L}_{\geq-3}L(h, c)$
$\mathbb{C}[L_{-1}, L_{-2}]=\mathbb{C}[x, y]$ $\mathbb{C}[x, y]/(P, Q)$ .
$\mathbb{C}[x, y]/(P, Q)$ . $I=(P, Q)$
. 36 $P$ $Q$ $(0, 0)$ , Hilbert
$x,$ $y\in\sqrt{I}$




[DLM] 27 . [DLM]
[AM] .
1 $.\wedge\supset$ .
$f(q)$ $V$ , $V$ ,
$f(q)$ $U$ . Zhu $U$
$SL(2, \mathbb{Z})$ . $f(q)$ $q$ ( ),
.
$\Gamma(2)\subset SL(2, \mathbb{Z})$
$\mathrm{m}\mathrm{o}\mathrm{d} 2\}$$\Gamma(2)=\{(\begin{array}{ll}a bc d\end{array})\equiv(\begin{array}{ll}1 00 1\end{array})$
$\langle$ . Poincare’ $\mathfrak{h}$ $\mathfrak{h}/\Gamma(2)$
53
Picard $\lambda$ $\lambda(\tau)$ :
$\lambda(\tau)=16q^{1/2}\prod_{n=1}^{\infty}(\frac{1+q^{n}}{1+q^{n-1/2}})^{8}=\frac{\eta(2\tau)^{2}\eta(\tau/2)}{\eta(\tau)^{3}}$
, $\lambda(\tau)$
$\mathfrak{h}/\Gamma(2)\cong \mathrm{P}\backslash \{0,1, \infty\}$
. $E=d/d\lambda$ . [AM] Proposition 1
$k_{i}\in \mathbb{C}(\lambda)$ , $U$
$E^{n}y+ \sum_{i=1}^{n-1}k_{i}E^{i}y=0$
.
$\mathbb{C}$ Aut $(\mathbb{C})$ . $\phi\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathbb{C})$ $r(q)= \sum a_{n}q^{n}\in U$
$r^{\phi}(q)= \sum$ \phi (an)q6(n
. (q)
(15) $E^{n}y+ \sum_{i=1}^{n-1}k_{\dot{l}}^{\phi}E^{i}y=0$
. Picard $\lambda$ $q$ ,
$\lambda^{\phi}=\lambda$ . , (15)
$q$ , $r^{\phi}(q)$ $q$ . , Aut(C) $SL(2, \mathbb{Z})$









$f^{\phi}|_{S}=e^{-\alpha/\tau}f|_{S}$ , $\alpha=2\pi i(\phi(h-c_{V}/24)-(h-c_{V}/24))$
. $f^{\phi}|_{A}$ $f|_{S}$ $q$ [AM] $\tauarrow i\infty$
$\alpha=0$ .
$\lambda,$ $c_{V}\in \mathbb{Q}$ .
39. $\theta\in \mathbb{C}$ $\mathbb{C}$ ( ) $\phi$ $\phi(\theta)\neq\theta$
.
39 $V$ (h $=0$) $c_{V}/24\in \mathbb{Q}$ .
$h-c_{V}/24\in \mathbb{Q}$ , $c_{V},$ $h\in \mathbb{Q}$ .
5.2 Anderson-Moore
27 Anderson-Moore $\tauarrow i\infty$
.




. $\alpha\neq 0$ . $f$ $g$ $q$
$f= \sum f_{i}q^{r_{i}}$ , $g= \sum g_{i}q^{s_{*}}$.
. $t\in\{r_{i}, s_{j}\}$ .
(16) $\frac{g-f}{q^{t}}=(\frac{e^{\alpha/\mathcal{T}}-1}{q^{t}})f$
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